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A simple calculation procedure  is proposed to make it possible to use the resul ts  f rom ex- 
per imental  measurements  of the velocity profile for a compress ib le  s t r eam to determine 
the integral  charac te r i s t i c s  of the boundary layer.  This method is valid for the adiabatic 
flow of an ideal gas, provided that the experimental  velocity profile can be sa t i s fac tor i ly  
approximated by an exponential function. 

As is well known, the calculation of the integral  charac te r i s t i c s  for a dynamic boundary l ayer  of a 
compress ib le  s t r eam on the basis of experimental  data obtained in the measurement  of the velocity profile 
is associa ted with laborious numerical  integration. These caIeulations can be substantially simplified, 
given cer ta in  assumptions.  

Let us consider  the adiabatic flow of an ideal gas when P r  = 1. We will assume that the real  
distr ibution of the velocity can be sa t i s fac tor i ly  approximated by an exponential function. The use 
of the exponential approximation in this case is purely theoret icaI  and is not associated with a specific physi-  
cal model of the flow governing the quantitative relat ionships of the process .  At the same time, such an 
approximation exhibits significant advantages,  since it permits  us eas i ly  to obtain approximation pa rame te r s  
f rom the experimental  points and also ailows a significant simplification (as will be evident f rom the follow- 
ing) in the calculations,  while retaining sufficient accuracy  in the determination of the integral  cha rac t e r -  
ist ics.  

where 

Let us write out the adopted assumptions:  

u =(g/5)1/~, 
vo 

1 u ~ + c p T  = 1 
-2 -2 u~ + %To = % Too, 

P --  RT .  
P 

In integrat ing the boundary- layer  equations we frequently encounter  an express ion of the form 

6 

Po Uo / 
0 

With (1) we can t r ans fo rm this integral  
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TABLE 2. F o r m u l a s  for  the Ca lcu la t ion  of the In t eg ra l  C h a r a c -  

t e r i s t i c s  of P l a n e - P a r a l l e l  Flow, Us ing  the Values  of J(n) 

Displacement thickness 

[ 

5" 

0 

1 - -  n (A - -  t) J (n) 

Momentum loss thickness 

I 

b d poU~ \ 
o 

n (A -- 1)[. r (n) -- J (n + l)] 

Energy loss thickness 

1 

_.,i" 0ouo 
0 

n (A -- 1)[J (n) -- J (n + 2)I 

l 

5"5 --j', P o  

0 

! 

~(1) = Po 
0 

n (A -- I)[S (n -- I) - - :  (n)l 

n(A-- l )J(n--1)  

where  

k4-1  1 
A~= 

Using  the subs t i tu t io t t  z = ( y / 6 ) t / n ,  we f ina t ly  ob ta in  

5 I 

;~0 (~0) i ~ Zn+i-1 dg = 5n(A--1)  A - - z  2 

0 0 

- -  d z  = 6 n ( A  - - ] )  J (n -k i ~ 1), (2) 

t 

J(n) I z'~ = - -  dz. 
, A - -  z 2 o 

The i n t e g r a l  J(n) is  e a s i l y  ca l cu l a t ed  with the r e q u i r e d  deg ree  of a c c u r a c y  for  any va lue  of the expo-  
nen t  n ( inc luding a f r ac t i ona l  exponent)  by expand ing  the i n t e g r a nd  in s e r i e s  and i n t e g r a t i n g  t e r m  by t e r m :  

ov 

J (n) = 2j + n - -  1 A j (3) 
] = 1  

Ser i e s  (3) c o n v e r g e s  m o r e  r ap id ly  than a g e o m e t r i c  p r o g r e s s i o n ,  which a lways ma ke s  it pos s ib l e  to 
d e t e r m i n e  the n u m b e r  of t e r m s  in the s e r i e s ,  which m u s t  be r e t a i n e d  to ach ieve  the spec i f i ed  a c c u r a c y .  
C a l c u l a t i o n  with (3) for  m o s t  c a s e s  is c o n s i d e r a b l y  m o r e  e c o n o m i c a l  than with the finite f o r m u l a s  which 
can  be d e r i v e d  for whore va lues  of a. 

Such c a l c u l a t i o n s  were  p e r f o r m e d  for  the i n t e r v a l  of va lues  for n = 2-20 and )~0 = 0 .3-2 .2  on the Ura l -2  
d ig i ta l  c o m p u t e r  with an a c c u r a c y  to 6 s i gn i f i c a n t  f igures .  This  high a c c u r a c y  can be exp la ined  by the fact 
tha t  in d e t e r m i n i n g  the i n t e g r a l  c h a r a c t e r i s t i c s  we have to work  with the d i f f e rence  be tween  c lose  va lues  of 
the i n t e g r a l  J(n). The r e s u l t s  of the c a l c u l a t i o n s  a r e  shown in Table  1.* 

It is  e a s y  to prove  that  ur~der cond i t ions  (t) the ca l cu l a t i on  of the i n t e g r a l  c h a r a c t e r i s t i c s  [or  the 
boundary  l a y e r  of a c o m p r e s s i b l e  s t r e a m  can be r e duc e d  to the ca l cu l a t i ons  of the l i n e a r  c o m b i n a t i o n  of 
e a r l i e r  t abu la t ed  va lues  of J(n). To c a r r y  out the ca l cu l a t i ons  we have to fir/d the exponent  for  the cu rve  
a p p r o x i m a t i n g  the r e a l  ve loc i ty  d i s t r i b u t i o n  and we m a s t  know the r e duc e d  ve loc i ty  at the channe l  axis .  

*The c a l c u l a t i o n s  in  Tab l e  1 have b e e n  c a r r i e d  out for  k = 1.4. The r e s u l t s  c a n  e a s i l y  be extended to any 

(X~)tab[ e = ~ 6 ( k -  1) / (k  + 1). 
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Table 2 shows the formulas  for the determination of the integral  charac te r i s t i c s  of the boundary 
layer  of a p lane-para l le l  flow. Similar  t ransformat ions  are  possible for ax i symmetr ic  flow. Here the 
velocity distr ibution is approximated by an exponential function of the form 

- -  (unstabilized flow), 
Uo 

= (to _____f ]I/n (stabilized flow). u ff__ 
Uo \ S o l  

The formulas  for the ax i symmetr ic  flow are given in Table 3. For  an incompress ible  fluid all of 
the relat ionships are  reduced to those that are  well known. 

Let us expand the possibil i t ies of the proposed method. We will examine the following integral:  
Y, z 

- -  a z =  6 n ( A - - 1 )  
\ Uo / A - - z  ~ 

o 0 

where z = (y /5)1/n  (byanalogy with the previous) ,  

4 (n) = ; - -  

0 

Using the ser ies  expansion, we obtain 

m 

Then we can write 

Z n 
dz. 

A - -  z 2 

2 i + n - -  1 

Z 1 (g/5) nq-1 

J~ (n) = 2] -~- n + 1 A i 
] = !  

2 i + n - - I  

1 (g/5) "+' 
2] § n -  1 A i 

Jz (n) = ] (n) i=, 

2j--i-n--1 A 1 
] = 1  

(4) 

To evaluate the magnitude of the fraction in (4), we remove the f i rs t  t e rms  of the infinite ser ies  in 
the numera to r  and in the denominator  f rom the parantheses ,  and we replace the remaining t e rms  with the 
geometr ic  p rogress ions  

2 

1 -t- - - - ~  ~..~ A l +  (n-k 1)A 

J~(n).~J(n)(g/6) i=l = J(n)(g/6) 2[A--(g/6)2/"+I] (5) 

l @ n +  1 11 1 +  2 (A- -  1) 
2 ]=1 

With formula (5) we can calculate the integral  cha rac te r i s t i c s ,  although not for the entire thickness 
of the boundary layer ,  but at cer ta in  parts  of it. In this ease, it is sufficient to replace J(n) by Jz(n) in the 
express ions  of Tables 2 and 3. This method makes it possible - applying the law of additivity - to calculate 
the integral cha rac te r i s t i c s  even in the ease in which the real  profile is approximated by cer tain exponen- 
tial relationships.  Moreover,  it can be used in convert ing to the Dorodnitsyn variables  whose use enables 
us to reduce cer tain c o m p r e s s i b l e - f h i d  problems to the problem of an incompress ible  fluid: 

y/~ (A--l) [n+22- A--(g~6) 2/n] 
P d(g/5) = n ( A - -  1) ] ( n - -  1)(y/6) 

h(g/6) = o Po [A--ig/5)2/al (n +2 A - - I )  
(6) 

NOTATION 
y a n d  r 

r 0 

6 
n 

u 

are the instantaneous values of the t r ansve r se  coordinate; 
is the radius of the ax i symmet r ic  channel; 
is the thickness of the boundary layer  in the exponential approximation; 
is the pa r ame te r  of the exponential function (see [1]); 
is the velocity; 
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p, T, and p 
R 
Cp 
subscr ipt  0 
subscr ipt  00 

is the reduced velocity; 
are  the semidynamic flow pa ramete r s ;  
is the gas constant; 
is the specific heat capacity at constant p res su re ;  
denotes the conditions at the axis or  in the potential flow; 
denotes the conditions in the case of isentropic stagnation. 

466 


